Introduction {#Sec1}
============

The top quark's large mass suggests that it may be intimately-connected to the mechanism of electroweak symmetry breaking (EWSB). Furthermore, it is unique as a colour-charged particle because of the fact that it decays before hadronizing. The top quark decays mostly through the channel $\documentclass[12pt]{minimal}
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                \begin{document}$$t\rightarrow b W$$\end{document}$ with much smaller contributions from other SM processes. The QCD production of top quarks at the Large Hadron Collider (LHC) is expected to be high, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma (pp \rightarrow t{\bar{t}}) \simeq 950$$\end{document}$ pb at 14 TeV centre-of-mass energy \[[@CR3]\], and would be 40 times larger at a proton collider with a centre-of-mass energy of 100 TeV (e.g. the Future Circular hadron-hadron Collider -- FCC-hh \[[@CR4], [@CR5]\]). Given its large production rates, the top quark provides simultaneously interesting tests of QCD (through its production mechanisms) and of electroweak physics (through its decay channels). The Tevatron has already measured several properties of the top following its discovery, and the LHC is already adding further precision measurements. The purpose of the present study is to investigate to which extent a FCC-hh can provide valuable information to our knowledge of the top quark properties and couplings. Here, we focus on the potential for the observability of the radiative SM decay mode, $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$, and on the decay of the top quark through the direct interaction between the top and charm together with the Higgs boson, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$t\rightarrow h c$$\end{document}$.

The decay of the top quark to a bottom quark, a *Z* and a *W* boson, $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$, received some attention 20 years ago, with several studies addressing its rate and potential sensitivity to new physics \[[@CR1], [@CR6]--[@CR9]\]. A peculiar feature of this process is that it occurs near the kinematical threshold: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_t \simeq m_b \,+\, m_W \,+\, m_Z$$\end{document}$ and is thus suppressed within the Standard Model (SM), predicted to be $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {O}}(10^{-6})$$\end{document}$. In the studies of Refs. \[[@CR1], [@CR6], [@CR8]\], it was pointed out that one has to take into account the finite widths of the *Z* and *W* bosons when calculating this decay mode. Indeed, if the widths are ignored, the current particle data group nominal values \[[@CR10]\] of the particles involved: $\documentclass[12pt]{minimal}
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                \begin{document}$$m_t \simeq 173.1$$\end{document}$ GeV, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_b \simeq 4.18$$\end{document}$ GeV, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_Z \simeq 91.19$$\end{document}$ GeV and $\documentclass[12pt]{minimal}
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                \begin{document}$$m_W \simeq 80.39$$\end{document}$ GeV would imply $\documentclass[12pt]{minimal}
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                \begin{document}$$m_t < m_b + m_W + m_Z$$\end{document}$ and would suggest a kinematically-forbidden decay. Nevertheless, if the gauge boson widths are properly taken into account the decay can proceed. This leads to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {O}}(10^4)$$\end{document}$ top quark pair production events containing the decay during the lifetime of the high-luminosity LHC (HL-LHC) with an integrated luminosity of 3000 fb$\documentclass[12pt]{minimal}
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                \begin{document}$$^{-1}$$\end{document}$, inclusively over the decays of the *Z* and *W* bosons. Consequently, the process will likely be impossible to observe at the LHC. However, given the substantial increase in cross section at the FCC-hh this channel is expected to yield $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {O}}(10^6)$$\end{document}$ events, justifying a more detailed investigation into its observability.

Flavour-changing neutral (FCN) decays of the top quark appear at one loop and have a strong suppression due to the Glashow--Iliopoulos--Maiani (GIM) mechanism and second-third generation mixing \[[@CR2], [@CR11], [@CR13], [@CR14]\]. Within the SM, this suppression leads to the following branching ratios: $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {BR}(t \rightarrow \gamma c) \sim 10^{-14}$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {BR}(t \rightarrow gc ) \sim 10^{-12}$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {BR}(t \rightarrow Z c) \sim 10^{-14}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {BR}(t \rightarrow h c ) \sim 10^{-15}$$\end{document}$ \[[@CR2]\], rendering them unobservable at the current and future colliders. Consequently, the measurement of such processes within current capabilities would clearly signal the presence of BSM phenomena. Here, we focus on the transition $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow h c$$\end{document}$, where the new physics effect is treated as an effective interaction between the top quark, the charm quark and the Higgs boson.

This paper is organised as follows: in Sect. [2](#Sec2){ref-type="sec"} we consider theoretical aspects of the $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$ decay and construct a simple phenomenological analysis to assess its observability at the FCC-hh within the SM. To complement this analysis, we study the allowed size of an enhancement to the decay rate due to the presence of a charged heavy scalar boson contribution, given current experimental constraints. Subsequently, in Sect. [3](#Sec10){ref-type="sec"}, we analyse the decay $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow h c$$\end{document}$, taking into account the effective coupling *h*-*t*-*c* and extract a bound by looking at a clean final state at the FCC-hh, with $\documentclass[12pt]{minimal}
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                \begin{document}$$h\rightarrow \gamma \gamma $$\end{document}$. Finally, we present our conclusions in Sect. [4](#Sec14){ref-type="sec"}.

Top quark decays to *bWZ* {#Sec2}
=========================

Theoretical considerations {#Sec3}
--------------------------

### Defining the final state {#Sec4}

The 'cleanest' channels in which the process $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$ contributes are those containing multiple leptons. Here we will focus on the cases $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow b e^+ \nu _e \mu ^+\mu ^-$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow b jj \mu ^+\mu ^-$$\end{document}$, which receive contributions from other intermediate states in addition to $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$. We examine the observability of these processes by looking at the particle content in the final states only and we do not attempt to separate the $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$ contribution.[1](#Fn1){ref-type="fn"}
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                \begin{document}$$R = \mathrm {BR}(t \rightarrow b \mu \nu _\mu \nu {\bar{\nu }})/[\mathrm {BR}(W\rightarrow \mu \nu _\mu ) \times \mathrm {BR}(Z \rightarrow \nu {\bar{\nu }})]$$\end{document}$ was considered as a definition of the process $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$. Taking into account that the top quarks are on-shell, we can use an equivalent definition:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R' = \frac{\mathrm {BR}\Bigl (pp \rightarrow t{\bar{t}} \rightarrow (b \mu ^+ \nu _\mu \nu {\bar{\nu }}) {\bar{t}}\Bigl )}{\Bigl [\mathrm {BR}\Bigl (pp \rightarrow t{\bar{t}} \rightarrow (b \mu ^+ \nu _\mu ) {\bar{t}} \Bigl ) \times \mathrm {BR}(Z \rightarrow \nu {\bar{\nu }})\Bigl ]}. \end{aligned}$$\end{document}$$We have calculated $\documentclass[12pt]{minimal}
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                \begin{document}$$R'$$\end{document}$ by using the MG5_aMC\@NLO Monte Carlo event generator \[[@CR15], [@CR16]\]. Within the given errors, the results for $\documentclass[12pt]{minimal}
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                \begin{document}$$R'$$\end{document}$ are in good agreement with those for the ratio *R* appearing in the third column of Table 2 of Ref. \[[@CR1]\]. To make a direct comparison, we show the results in Table [1](#Tab1){ref-type="table"}, where we have used the values of the masses and constants given in Table 1 of Ref. \[[@CR1]\].Table 1The ratio of branching ratios defines the $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$ as described in the main text. The results of Ref. \[[@CR1]\] are only provided in 5 GeV intervals$\documentclass[12pt]{minimal}
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Fig. 1The decay width of the process $\documentclass[12pt]{minimal}
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                \begin{document}$$m(\mu ^+\mu ^-) > 70$$\end{document}$ GeV at leading order and next-to-leading order in QCD as a function of the bottom quark mass. The lower inset shows the ratio of NLO to LO

### Next-to-leading order corrections {#Sec5}

Since the decay process occurs close to the top mass threshold, it is interesting to investigate the impact of next-to-leading order (NLO) QCD corrections. To consider a scenario which might be realistic in a phenomenological study, we examine corrections to the decay process $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow b e^+ \nu _e \mu ^+ \mu ^-$$\end{document}$, with the invariant mass of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu ^+\mu ^-$$\end{document}$ pair taken to lie above 70 GeV to remove the photon contribution, $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma \rightarrow \mu ^+\mu ^-$$\end{document}$. We use MG5_aMC\@NLO to calculate the SM decay width, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_t = 173$$\end{document}$ GeV and varying the bottom mass between 0.2 and 5.2 GeV. In Fig. [1](#Fig1){ref-type="fig"} we show the variation of the decay width as a function of the input bottom mass. In addition, we also present the ratio between the NLO and the leading order (LO) corrections in the lower inset. It is evident that the NLO corrections reduce the branching ratio by about 10%. The impact of increasing the *b*-quark mass is larger at NLO than at LO, which is due to the phase space becoming even more restricted close to the top mass threshold. Given the null results of the phenomenological analyses (see below), we do not consider higher-order corrections in more detail.
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-------------------------------------------------------------------

We construct a simple phenomenological analysis to determine whether a FCC-hh at 100 TeV will be sensitive to the SM top radiative decay $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow bWZ$$\end{document}$. We focus on the final states that arise through top pair production that contain one "signal" top decaying into 3 leptons and the other top decaying fully hadronically, i.e.$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} pp \rightarrow t{\bar{t}} \rightarrow (b \ell ^{'+} \nu _\ell \ell ^{+} \ell ^{-})({\bar{b}} jj), \end{aligned}$$\end{document}$$and its charge-conjugate, where *j* is any light-flavour jet. In addition we also consider the case where one of the top quarks decays to oppositely-charged leptons and the other to only hadronic products:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} pp \rightarrow t{\bar{t}} \rightarrow (b jj\mu ^{+} \mu ^{-})({\bar{b}} jj), \end{aligned}$$\end{document}$$In our analysis, the jet reconstruction is done using the fastjet package \[[@CR17], [@CR18]\]. We simulate the signal and backgrounds using MG5_aMC\@NLO at parton level and the general-purpose Monte Carlo event generator HERWIG 7 \[[@CR19]--[@CR23]\] for the parton shower and non-perturbative effects, such as hadronization and multiple-parton interactions.

### The three-lepton final state {#Sec7}

As a starting point for the analysis of the three-lepton final state:[2](#Fn2){ref-type="fn"} $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} pp \rightarrow t{\bar{t}} \rightarrow (b \ell ^{'+} \nu _\ell \ell ^{+} \ell ^{-})({\bar{b}} jj), \end{aligned}$$\end{document}$$we ask for two opposite-sign same-flavour leptons and one additional lepton, with $\documentclass[12pt]{minimal}
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                \begin{document}$$|\eta | < 6$$\end{document}$. Furthermore, we ask that the opposite-sign same-flavour leptons reconstruct the *Z* mass, $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_\perp $$\end{document}$ algorithm with $\documentclass[12pt]{minimal}
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                \begin{document}$$|\eta | < 6$$\end{document}$. Two of these jets are *b*-jet candidates. Here we assume that *b*-jets can be tagged with 100% efficiency, so as to give an upper estimate of the sensitivity to the processes under consideration. We then find the best combination of two *or* three jets that reconstruct the top quark mass by looking at all the combinations of jets. We call this combination the "reconstructed hadronic top" and require $\documentclass[12pt]{minimal}
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Using the assumption that the missing transverse momentum is primarily due to the undetected neutrino from the "signal" top quark decay and using the mass-shell condition $\documentclass[12pt]{minimal}
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### The two-lepton final state {#Sec8}
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Heavy charged Higgs bosons {#Sec9}
--------------------------

The analyses of the previous sections indicate that the SM radiative decay of the top quark seems challenging to detect even at the 100 TeV FCC-hh. Nevertheless, one might ask whether it would be possible to observe an enhanced rate due to beyond-the-SM contributions. One possibility arises with the addition of a heavy charged Higgs boson, $\documentclass[12pt]{minimal}
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We simulate these two processes at LO using MG5_aMC\@NLO and assume that the new scalar *only* possesses these two interactions. Hence, using the results obtained in the aforementioned articles \[[@CR25], [@CR26]\], we derive constraints for the maximum and minimum allowed values of the decay width at LO. These are shown in Fig. [3](#Fig3){ref-type="fig"}. Evidently the enhancement factor is moderate over the range of scalar boson masses considered, with a maximal value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 200$$\end{document}$ GeV. Hence we can conclude that the addition of a heavy charged scalar cannot render this process observable at a 100 TeV collider. Note that due to the interference of the SM diagrams with the charged scalar diagrams, which can be negative, the decay width can possess values lower than those of the SM.

Top quark decays to Higgs boson-charm quark {#Sec10}
===========================================

The *h*-*t*-*c* coupling {#Sec11}
------------------------

We now turn to the investigation of flavour-changing neutral decays of the top quark. We consider gauge-invariant and renormalizable Yukawa interactions of the form$$\documentclass[12pt]{minimal}
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Here we focus on the resulting top quark decay $\documentclass[12pt]{minimal}
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In the present study we will analyse the prospect of constraining $\documentclass[12pt]{minimal}
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We have implemented the interaction described by Eq. ([6](#Equ6){ref-type=""}) in a UFO \[[@CR33]\] model which we interface to MG5_aMC\@NLO to generate signal $\documentclass[12pt]{minimal}
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In all cases, we ask for exactly one identified *b*-jet and at least two photons. For the semi-leptonic top case we ask for at least one lepton. We reconstruct the signal top quark from the identified *b*-jets and di-photon system and ask for the mass to lie within $\documentclass[12pt]{minimal}
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We summarise the main features of the analysis in Table [3](#Tab3){ref-type="table"}. The resulting event yields after applying the analyses are shown in Tables [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"} for the cases with and without charm tagging, respectively, at an integrated luminosity of $\documentclass[12pt]{minimal}
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To take into account the effect of the presence of systematic uncertainties, we assume that they only affect the total number of background events, *B*, by inducing a systematic uncertainty $\documentclass[12pt]{minimal}
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Conclusions {#Sec14}
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The extremely rare decay modes we have investigated in the present article constitute two of the many interesting ones for top quarks. A future high-energy collider will be able to provide information on other processes, such as $\documentclass[12pt]{minimal}
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This separation is not possible due to interference of the $\documentclass[12pt]{minimal}
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Charge-conjugate processes are taken into account from this point on by multiplying by the appropriate symmetry factors.
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We employ this method to "groom" the jets, removing soft radiation.

This is obtained by extrapolating the number of events for the signal and backgrounds from 36.1 to 3000 fb$\documentclass[12pt]{minimal}
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Further details on the usage of this module for tree-level merging will available in a future release of the HERWIG 7 manual.

In general charm-jet tagging is currently less developed than *b*-jet tagging, see e.g. \[[@CR32]\] for single-prong charm-jet tagging algorithm and \[[@CR35]\] for a double-charm-jet tagger used in the context of Higgs searches.

As discussed in, e.g., \[[@CR36]\], better forward detector coverage for *b*-jet or photon identification, up to $\documentclass[12pt]{minimal}
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The naive statistical combination employed here adds the Gaussian significances linearly: $\documentclass[12pt]{minimal}
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These estimates are in agreement with the HL-LHC projections found in Ref. \[[@CR30]\].

The increase in signal cross section from 13 TeV to 100 TeV is $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim ( 40/\sqrt{70}) \times \sqrt{10/3} \sim 9 $$\end{document}$, which would imply an order of magnitude improvement on the branching ratio measurements from 13 to 100 TeV, provided the kinematical structure scales in a similar way for signal and background.
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